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Abstract
The nonlinear reality structure of the derivatives and the differentials for the
euclidean q-spaces are found. A real Laplacian is constructed and reality properties
of the exterior derivative are given.
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1 Introduction
In this paper we discuss a new effect appearing in the differential calculus on euclidean
q-spaces. Namely, although the conjugation rules for the coordinates look like those in the
classical case, the conjugation of the derivatives and the differentials turns out to be non-
linear. For the Minkowski q-space these conjugation rules were discussed in [1]. Here we
generalize the results of [1] to the higher dimensional euclidean q-spaces. The nonlinearity
in the relation between the derivatives and their conjugates turn out to be quite simple.
Classically, the derivatives are proportional to the commutator of the Laplacian with the
coordinates. On the quantum level these are however two different objects. Our main
result is that the commutator of the Laplacian with the coordinates is now proportional
to the conjugates of the derivatives. The coefficient of the proportionality is no longer a
number. It is a scaling operator introduced in [2]. It q-commutes with all the coordinates
and derivatives.
Our treatment relies on the papers [3], [4]. The prescription for the differential calculus
on q-spaces, given in [4] works when the commutation relations for coordinates of a q-space
are given by a single projector entering the Rˆ-matrix. This is the case for q-orthogonal
spaces. Although the Rˆ-matrices have different structure for even and odd dimensional
q-orthogonal spaces, the results have the same form in both cases and we treat them
simultaneously.
The paper is organized as follows. Section 2 contains basic facts about the orthogonal
q-spaces and differential calculus on them. In section 3 we give the reality structure for
the derivatives and discuss reality properties of the Laplacian. Section 4 is devoted to
the differentials and reality properties of the exterior derivative. Also, there we comment
briefly on the relation between two versions of the differential calculus in the SLq case. In
Appendix A we collected relevant relations used in the text.
The q-metric gij is not symmetric and throughout the text we use the following rules
of lowering and raising an index of any one-index quantity mi:
mi = gijmj , mi = gijm
j . (1.1)
Conjugation reverses the order of factors. Finally, we use the notation λ = q − q−1.
2 Preliminaries
Here we list necessary facts about the Rˆ-matrix for the orthogonal q-group SOq(N),
euclidean q-spaces and differential calculus on q-spaces. For motivations and details we
refer to [3],[4]. See also [5] for the discussion of the differential calculus on orthogonal
q-spaces.
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1. The projector decomposition of the Rˆ-matrix for the orthogonal q-group SOq(N)
is:
Rˆ = qP+ − q−1P− + q1−NP o. (2.1)
Here P+ is the traceless part of the q-analogue of the symmetriser, P− is the q-analogue
of the antisymmetriser and P o is the trace projector. The projector P o is built out of the
q-metric gij,
P
o ij
kl = νg
ijgkl , ν =
λ
(qN − 1)(q1−N + q−1)
. (2.2)
The Rˆ-matrix has the following symmetry properties:
Rˆ
−1 ij
kl = g
imRˆ
jn
mkgnl = gkmRˆ
mi
ln g
nj (2.3)
and
Rˆ
ij
kl = Rˆ
kl
ij . (2.4)
2. The orthogonal q-space is the algebra with generators xi, i = 1, ..., N satisfying
quadratic relations
P
− ij
klx
kxl = 0 (2.5)
or
Rˆ
ij
klx
kxl = qxixj −
λ
1 + qN−2
gijgklx
kxl . (2.6)
The length
L =
1
1 + qN−2
gijx
ixj (2.7)
is the central element in the algebra of the coordinates, Lxi = xiL.
The projectors P+, P o define the quadratic relations for the differentials ξi:
P
+ ij
klξ
kξl = 0, (2.8)
P
o ij
kl ξ
kξl = 0. (2.9)
The derivatives ∂i are defined by
∂ix
j = δji + qRˆ
jk
il x
l∂k. (2.10)
The commutation relations between xi and ξj are
xiξj = qRˆijklξ
kxl. (2.11)
We need also the commutation relations between ∂i and ξ
j:
∂iξ
j = q−1Rˆ−1 jkil ξ
l∂k. (2.12)
The algebra of the derivatives is
P
− ij
kl∂j∂i = 0 . (2.13)
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The element
∆ =
1
1 + qN−2
gij∂j∂i (2.14)
is central in the algebra of the derivatives, ∆∂i = ∂i∆.
3. The compact form of SOq(N) is defined for a real q. In this case we have Rˆ = Rˆ.
The conjugation of the coordinates has a form
xi = gjix
j . (2.15)
It defines the euclidean q-space. The length L is real under this conjugation, L = L.
3 Conjugate Derivatives
In this section we find the action of the conjugate derivatives and express the conjugate
derivatives in terms of the derivatives themselves. Also, we construct a real Laplacian.
According to [4] the covariant and consistent derivatives are defined by the expression
(2.10) involving Rˆ-matrix. One can define another set of consistent and covariant deriva-
tives using Rˆ−1 instead. First of all we show that in the q-orthogonal case this gives the
conjugate derivatives.
Lemma.
∂ˆkx
v = δvk + q
−1Rˆ−1 vikjx
j ∂ˆi, (3.1)
where
∂ˆi = −q
Ngikg
tk∂t. (3.2)
Proof. To write relations conjugated to (2.10) in the form (3.1) one finds first a tensor
Φksnv, inverse to Rˆ
va
sb in indices (v, s). Put
Φksnv = gnlRˆ
kl
uvg
us. (3.3)
Using relations (2.3) one finds
ΦksnvRˆ
va
sb = Rˆ
ks
nvΦ
va
sb = δ
k
b δ
a
n. (3.4)
Now one proves (3.1) by a straightforward calculation using (2.15) and (3.2).
Comparing (3.1) with (2.10) one sees that the derivatives ∂i and ∂ˆi act in the same
way on the linear functions of xj but their actions on higher order polynomials do not
coincide. Therefore the conjugate derivatives cannot be expressed linearly in terms of
the derivatives themselves. It turns out that ∂ˆi can be expressed nonlinearly in ∂j . To
3
write this expression we need the scalar operators L,∆ and E = xi∂i. The commutation
relations of these operators with the coordinates and the derivatives are
Lxk = xkL,
∂kL = q
2L∂k + q
2−Nxk,
∆xk = q2xk∆+ q2−N∂k,
∂k∆ = ∆∂k,
Exk = q2xkE + xk − qλL∂k,
∂kE = q
2E∂k + ∂k − qλxk∆.
(3.5)
Finally we will use the operator Λ, introduced in [2]:
Λ = 1 + qλE + qNλ2L∆ . (3.6)
It obeys homogeneous relations with both the coordinates and the derivatives,
Λxk = q2xkΛ , Λ∂k = q
−2∂kΛ . (3.7)
Now we are ready to formulate the main result of this section.
Theorem.
∂ˆk = q
N−2Λ−1[∆, xk]. (3.8)
Proof. Denote Tk = q
N−2[∆, xk]. Using (3.5) we can write
Tk = ∂k + q
N−1λxk∆ . (3.9)
Compute
Tix
j
− qRˆ
−1 jk
il x
lTk =
δ
j
i + qRˆ
jk
il x
l∂k + q
N+1λxi(x
j∆+ q−N∂j)− qRˆ−1 jkil x
l∂k − q
NλRˆ
−1 jk
il x
lxk∆ . (3.10)
For the terms with xx∆ we have
qxix
j
− Rˆ
−1 jk
il x
lxk∆ =
gia(qx
axj − gauRˆ
−1 jk
ulgksx
lxs) =
gia(q1 − Rˆ)
aj
ls x
lxs = (3.11)
gia(q − q
1−N)P o ajls x
lxs = δjiλL .
In the second equality we used (2.3). In the third equality we used (2.1), (2.5), and the
completness of the set of the projectors P+, P−, P o,
1 = P+ + P− + P o . (3.12)
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In the fourth - equations (2.2) and (2.7) were used. For the terms with x∂ we have
(qRˆjkil − qRˆ
−1 jk
il + qλgilg
jk)xl∂k =
((q2 − 1)P+ + (q2 − 1)P− + (q2−N − qN + qλν−1)P o)jkil x
l∂k = (3.13)
qλδ
j
iE ,
where ν is given by (2.2). Here in the first equality we used (2.1) and (2.2), and in the
second - (3.12). Collecting all terms together we obtain
Tix
j = δjiΛ + qRˆ
−1 jk
il x
lTk . (3.14)
Now multiplying by Λ−1 from the left, using (3.7) and comparing with (3.1) we conclude
that the lhs and rhs of (3.8) have the same commutation relations with xi, which completes
the proof.
We note that although the conjugation rule (3.8) is nonlinear, on conjugating twice
all nonlinearities disappear and ∂i = ∂i. The map inverse to (3.8) is
∂k = (Λ)
−1[∆, xk] ≡ Λ(∂ˆk − q
N−3λxkΛ
−1∆). (3.15)
To complete the treatment we find the reality properties of the operators E,∆,Λ. By a
somewhat lengthy but straightforward calculation one finds:
∆ = q−N−2Λ−1∆ , (3.16)
E = −q−NΛ−1((qN + qλ)E +
(qN − 1)(q1−N + q−1)
λ
+ qN+1λ(1 + qN−2)L∆) . (3.17)
Therefore, using (A.1), we obtain
Λ = q−2NΛ−1 . (3.18)
Equation (3.16) shows that the Laplace operator ∆ built out of the derivatives ∂i only is
not real. However, for
∆R = Λ
−1/2∆ (3.19)
we have
∆R = ∆R . (3.20)
Therefore, ∆R is a good candidate for a real Laplacian.
4 Conjugate Differentials
In this section we express the conjugate differentials in terms of the differentials them-
selves, and find the reality property of the exterior derivative.
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Conjugating the relation (2.12) and defining ξˆi by
ξj = gij ξˆ
i , (4.1)
we find using (2.1),
ξˆixj = qRˆijklx
kξˆl . (4.2)
To find the relation between ∂ˆk and ∂l we used scalar operators obtained by contraction
of indices of xi, ∂j . Now we need two more scalar operators, the exterior derivative d and
the operator
W = ξixi . (4.3)
The commutation relations of L,∆, E with ξi are simple:
Lξi = q2ξiL ,
∆ξi = q−2ξi∆ ,
Eξi = ξiE .
(4.4)
The new operators d and W have the following commutation relations with xi, ∂i, and ξ
i:
dxi = ξi + xid ,
d∂i = q
2∂id− q
N−1λξi∆ ,
dξi = −ξid ,
Wxi = xiW − qN−1λξiL ,
∂jW = W∂j + q
N−2ξj − q
−1λxjd+ q
N−1λξjE ,
Wξj = −q2ξjW .
(4.5)
As for relations (3.5) we leave a check of these relations to the reader. This check can be
reduced to manipulations with the symmetry properties and projector decomposition of
the Rˆ-matrix.
We introduce also a quantity
U =W + qN−3λLd , (4.6)
which commutes with all coordinates,
Uxi = xiU , (4.7)
while with the derivatives and differentials it obeys
∂jU = U∂j + q
N−2ξjΛ ,
ξjU = −q−2Uξj .
(4.8)
The commutation relations of ξi with xj or ∂k are homogeneous. Hence rescaling ξ
i by a
numerical factor does not change any of them. This shows that the commutation relations
6
with xj imply the expression of ξˆl in terms of ξi only up to a factor. Demanding the square
of conjugation to be unity, one fixes the absolute value of this factor.
Theorem.
ξˆi = σqNΛ(ξi + q−1λxid− q1−NλU∂ˆi) , (4.9)
where σ is a pure phase, σ = eiφ.
Proof. Again, once the rhs of (4.9) is written, one can check (using the projector
decomposition and the symmetries of the Rˆ-matrix) that it has the same commutation
relations with xi as ξˆj do.
To prove that σ is a pure phase, we find the square of the conjugation. To this end
we need the expressions for d and W . A straightforward calculation shows that
d = −σqN (Λd− qλU∆), (4.10)
and
W = σqN(q2−NU + qN−5λΛLd− qNλ2UL∆) . (4.11)
It then follows that
U = σU . (4.12)
Conjugating (4.12) we find that σ is a pure phase as stated. One more check shows that
the square of the conjugation is unity on ξi as well. This finishes the proof.
The mapping inverse to (4.9) is
ξi = σqNΛ(ξˆi + λqxid+ q3λU∂i). (4.13)
As in the discussion of the reality properties of the Laplacian, one may build a combi-
nation of operators which reduces to d in the classical limit and has a linear conjugation
law. One choice is
d0 = Λ
1/2d+ (1− q)Λ−1/2U∆ . (4.14)
Then
d0 = −σd0 . (4.15)
However this choice destroys the fundamental nilpotency property of the exterior deriva-
tive. Another possibility is simply to take
d1 =
1
2
(d− σd) =
1
2
((1 + qNΛ)d− qλU∆) . (4.16)
Then
d1 = −σd1 , (4.17)
as in (4.15). Moreover, one finds
dd+ dd = 0 . (4.18)
Therefore
d21 = 0 . (4.19)
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We note that rescaling ξi by a phase one can eliminate the factor σ in the above
formulas.
To conclude, we stress once more that the mappings (3.8) and (4.9) are covariant
under the quantum group SOq(N).
Remark. In the SLq(n, IR) case the action of the conjugate derivatives is given by the
Rˆ-matrix itself and therefore the conjugation rules for the derivatives are linear [4], [6].
However still there is another set of covariant and consistent derivatives defined with the
help of Rˆ−1,
∂′ix
j = δji + q
−1Rˆ
−1 jk
il x
l∂′k , (4.20)
and one may ask how they are related to the original ones. Using the relation
Rˆ = Rˆ−1 + λ , (4.21)
valid in the SL case, we may rewrite the action of the original derivatives in the form
∂ix
j = δji + qRˆ
−1 jk
il x
l∂k + qλδ
j
ix
l∂l = µ1δ
j
i + qRˆ
−1 jk
il x
l∂k , (4.22)
where µ1 = 1 + qλE. The operator µ1 is multiplicative [2]:
µ1x
i = q2xiµ1 , µ1∂i = q
−2∂iµ1 . (4.23)
Multiplying (4.22) by µ−11 from the left we see that the operators µ
−1
1 ∂i satisfy the same
commutation relations with the coordinates as ∂′i. Therefore we may set
∂′i = µ
−1
1 ∂i . (4.24)
This is the needed relation between the original and primed derivatives.
The primed differentials, defined by
xiξ′j = q−1Rˆ−1 ijklξ
′kxl , (4.25)
can be expressed in terms of the original differentials as well. One checks that the quan-
tities µ1(ξ
i + q−1λxid) satisfy the same commutation relations with the coordinates as
ξ′i. As in the q-orthogonal case this gives the relation between the primed and original
differentials up to an overall numerical factor c,
ξ′i = cµ1(ξ
i + q−1λxid) . (4.26)
One now checks that µ1 commutes with ξ
i. Therefore we also find the relation
d′ ≡ ξ′i∂′i = cµ1(ξ
i + q−1λxid)µ−11 ∂i = c(d+ qλEd) = cµ1d (4.27)
between the primed and original exterior derivatives.
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A Useful Formulas
Here we collect various identities and commutation relations needed for checks and proofs
of the statements in Sections 2 and 3.
The action of the scalar operators on the coordinates, derivatives and differentials
was given in the text. Here are some useful commutators between the scalar operators
themselves.
EL = q2LE + (q2−N + 1)L ,
∆E = q2E∆+ (q2−N + 1)∆ ,
∆L = q4L∆+ q4−NE +
q2−N − q2−2N
q−1λ
,
dL = q−N+2W + Ld ,
dW = −Wd ,
dE = q2Ed+ d− qλW∆ ,
∆W = W∆+ q−Nd ,
∆U = U∆+ Λd ,
∆d = q−2d∆ ,
dU = −q−2Ud .
(A.1)
Also, the following summation rules
∂ixi =
(qN − 1)(q1−N + q−1)
λ
+ qNE ,
∂iξi = q
−Nd ,
xiξi = q
2−NW ,
ξˆi∂ˆi = −d ,
∂ˆi∂ˆi = (1 + q
N−2)qN−2Λ−1∆
(A.2)
were used.
Remark. The operators
e = qN−1L , h = qN(E +
1− q−N
qλ
) and f = qN−1∆ (A.3)
satisfy the relations of the q-deformed sl(2)-algebra,
q−1he− qeh = (q + q−1)e ,
q−1fh− qhf = (q + q−1)f ,
q−2fe− q2ef = h .
(A.4)
Note that the operator entering Λ,
qNΛ = 1 + λh˜ , h˜ = qh + q2λef (A.5)
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has an algebraic meaning as well. We have
q−2h˜e− q2eh˜ = (q + q−1)e ,
q−2fh˜− q2h˜f = (q + q−1)f ,
q−1fe− qef = h˜ ,
(A.6)
which is another form of the slq(2)-algebra.
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